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Direct Numerical Simulation of Axisymmetric Jets
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and
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Results are presented from numerical simulations of the evolution of the Kelvin-Helmholtz instability for an
unforced, subsonic, compressible, axisymmetric, spatially evolving shear layer. In addition, we study the effect
of small, random pressure fluctuations at the nozzle orifice on the growth of the mixing layer. These fluctuations
model inflow perturbations in experimental flows arising from turbulence and boundary layers in the nozzle.
The finite-difference numerical model used to perform the simulations solves the two-dimensional, time-
dependent conservation equations for an ideal fluid using the Flux-Corrected Transport algorithm and time-
step-splitting techniques. Although no subgrid turbulence model has been included, the nonlinear properties of
the convection algorithm insure that energy in wavelengths smaller than a few computational cells is dissipated.
In the absence of perturbations, the calculations indicate that the large-scale development of the unforced jet
shear layer has an underlying degree of organization. This is the result of a feedback mechanism in which the
shear layer ahead of the nozzle edge is modulated by the far field induced by the mergings downstream, near the
end of the potential core of the jet. The studies with random high-frequency perturbations on the inflow velocity
show that the perturbations tend to break the temporal correlations between the structures.

Introduction

EXPERIMENTAL investigations in the past decade have
shown that large, span wise coherent structures dominate

the entrainment and mixing processes in shear layers.1"4

Recently, it has become possible to study these structures by
direct numerical simulation of their large-scale features.
These simulations are an important alternative and sup-
plementary tool in the basic research of the properties of
fluid flow transitioning to turbulence. Since a simulation can
calculate values for all of the primary flowfield properties as
a function of time, statistical information can be obtained
about the system through spatial and temporal averages. In
addition, parameters of the flow can be easily varied, and
the conditions of the calculations are more easily controlled
than those in a laboratory experiment.

Numerical studies of coherent structures have used spec-
tral,5 vortex dynamics,6 and finite-difference7"9 techniques.
Numerical studies of the evolution of flows similar to those
seen in the laboratory experiments have been considered for
both two-dimensional planar and axisymmetric shear layers.
Previous finite-difference calculations have modeled either
temporally developing mixing layers,7 where it is assumed
that the vortex dynamics take place in a relatively compact
region of space, or spatially developing layers,8'10 which cor-
respond more closely to the laboratory experiments.

Previously we performed finite-difference, compressible,
spatially developing simulations of planar shear flows, with
the objective of investigating asymmetries in mixing9 and the
basic mechanisms involved in the reinitiation of the in-
stabilities.10 Here we describe finite-difference calculations
of the evolution of the Kelvin-Helmholtz instability for a
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spatially evolving, compressible, axisymmetric freejet. The
instabilities sustain themselves through a feedback mecha-
nism in the flow. The evolution and merging of the
downstream structures affect the inflowing material up-
stream, thus triggering the growth and shedding of new vor-
tices.10 In addition, we study the effect of small, random
pressure fluctuations at the nozzle orifice on the growth of
the mixing layer. These fluctuations model inflow perturba-
tions in experimental flows arising from turbulence and
boundary layers in the nozzle.

Numerical Model
The numerical model used to perform the simulations

solves the two-dimensional, time-dependent conservation
equations for mass, momentum, and energy for an ideal gas:

dt
d(pV)

dt

de
-=- V-eF-F- V-PF

(1)

(2)

(3)

where e = P/(y- 1)+ VipV2 is the internal energy, and V, P,
p, and 7 are the velocity, pressure, mass density, and the
ratio of specific heats. The equations are solved using the
flux-corrected transport (FCT) algorithm11 and timestep-
splitting techniques. FCT is an explicit finite-difference
algorithm that insures that all conserved quantities remain
monotonic and positive. FCT modifies, the linear properties
of a high-order algorithm by adding diffusion during convec-
tive transport to prevent dispersive ripples from arising. The
added diffusion is subtracted out in an antidiffusion phase
of the integration cycle. These processes maintain high-order
accuracy without artificial viscosity to stabilize the
algorithm. A fourth-order phase-accurate FCT algorithm
was used in this work. No subgrid turbulence beyond the
natural FCT filtering has been included at this stage. The
nonlinear properties of the FCT algorithm insure that energy
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in wavelengths smaller than a few computational cells is
dissipated. The model is expected to be adequate in describ-
ing large-scale features of gas-phase flow for large Reynolds
numbers.

Valid inflow and outflow boundary conditions are needed
to insure the proper behavior of the fluids near the bound-
aries and throughout computational domain. However,
accurate transparent boundary conditions that provide ade-
quate information about the region outside of the computa-
tional domain are very difficult to define for the numerical
simulation of compressible subsonic flows. Because of this
difficulty, most of the simulations performed until fairly
recently involved temporally developing shear layers. Such
simulations replace inflow and outflow conditions with
periodic boundary conditions and concentrate on the vortic-
ity dynamics in compact regions. A detailed simulation that
investigates feedback phenomena must have spatially
developing flows and use a model for inflow and outflow
boundary conditions.

The calculations presented below use inflow and outflow
boundary conditions that have been developed and tested for
multidimensional FCT calculations.9-12 The density and in-
flow velocity of the jet are specified, and the energy at the
inflow guard cells is determined from a zero-slope condition
on the pressure:

Pg = Pinflow

vg = ̂ inflow

(4a)

(4b)

(4c)

where Pl is the pressure at the first inflow cell. This allows
the pressure at the inflow to vary in response to disturbances
originated by the fluid accelerations downstream and hence
allows feedback. Equation (4c) requires the acoustic waves to
reflect at the inflow, which is physically reasonable, because
the density and velocity at the inflow are fixed. To make a
smoother and more realistic transition to the region of in-
terest behind the lip of the nozzle, we have included a por-
tion of the nozzle inside the computational domain. The con-
ditions allow feedback to occur between the fluid accelera-
tions downstream and the inflowing material, thus allowing
the instability to evolve naturally in the calculation.

The conditions at the outflow guard cells define the density
and velocity through zeroth- and first-order extrapolations,
respectively, from the last two cells:

Pg=Pn (5a)

vg = 2vn-vtt_l (5b)

These are standard conditions (see, e.g., Ref. 13) that are
consistent with fixing the inflow velocity of the jet. The
energy at the guard cells is defined in terms of the density
and velocity given by Eqs. (5a) and (5b) and the pressure
defined by

Pg=Pn+[(Yg-Ytt)/(Yg-Yj)](Pmb-Pn) (5c)

where Y is either the radial or axial coordinate, and the
subscript j refers to the trailing edge of the nozzle. Equation
(5c) is the result of interpolating between the pressure values
at the boundary Pn and at infinity Pamb. It enforces a trend
in which the pressure gradient vanishes and the pressure
equals Pamb at infinite distances from the nozzle. The slow
relaxation of the pressure toward the known ambient value is
necessary because the pressure at the inflow is not specified
but calculated from other variables. By giving a reference
pressure value, we avoid secular errors in the calculations.

The computational grid was set up initially and held fixed
in time. The timesteps were chosen to satisfy the Courant

condition. The basic finite-difference grid used 120 cells in
the cross-stream (radial) direction and 220 in the streamwise
(axial) direction, with the mesh spacings varying in the
ranges 0.05<AZ<0.52 cm and 0.02<A#<0.67 cm. Figure
1 shows a schematic diagram of the grid. The cells are closely
spaced in the radial R direction across the shear layer, where
the large structures form, and they become farther apart as
the distance from the shear layer increases for R>R0. The
cell separations in the streamwise direction Z also increase in
size as we move away from the trailing edge of the nozzle,
located at R0 = 0.9 cm and Z = Z0« 1.67 cm. The cell spacing
chosen takes advantage of the fact that the structures merge
and grow downstream, so that fewer cells are necessary to
keep the resolution the same as that near the nozzle.

The dependence of the results on the boundary conditions,
the locations where they were implemented, and the gridding
was investigated. As part of the tests, calculations were per-
formed on grids which doubled the resolution of the
220 x 120 grid on the axial or radial directions, on differently
stretched grids, and also on computational domains having
inflow plenums with different streamwise extents (e.g., with
the inflow at the lip of the nozzle). By comparing the results
in the basic 220x120 grid calculation shown in this paper
with the calculations in these various other cases, we found
that the features we describe below persisted. Furthermore,
the agreement with experiments gives confidence that the
feedback observed in the simulations are not of numerical
origin.

Unforced Axisymmetric Jet
The system studied is a high-speed freejet containing a

mixture of molecular hydrogen and nitrogen emerging into a
quiescent background mixture of molecular oxygen and
nitrogen. The jet-to-background density ratio was 0.67, and
the system was initially at a uniform temperature (298 K)
and pressure (1 atm). A step function at R=R0 was used as
the initial axial velocity profile. The jet was subsonic, with
Mach number 0.57 and a corresponding velocity of 2.Ox 104

cm/s. Figure 2 is a schematic diagram of the flow configura-
tion. The instabilities were initiated by a small cross-stream
pressure gradient. This occurred only at the very beginning
of the calculation and perturbed the thin vorticity layer just
ahead of the nozzle edge. As the calculation evolves, the
disturbance moves downstream and generates the transverse
flows that trigger the Kelvin-Helmholtz instability. Previ-
ously, we considered initial sinusoidal perturbations along
the shear interface.12 The approach used in this paper to in-
itiate the instability was also used in the simulations of
planar shear flows.9'10 Morkovin (private communication)
has pointed out that this initiation is closely analogous to us-
ing a weak, spark-produced, pressure TV-wave perturbation14

during the first few integration cycles.
Typical features of the early stages of the flow are shown

in the sequence of isovorticity contours in Fig. 3. The vortex
rings are the result of the nonlinear evolution of the instabil-
ity. The rings emerge at an essentially fixed distance from
the nozzle edge, somewhat less than 1 diam, D = 2R0,
at z= (Z—Z0)/D~0.7. The newly formed structures move
along the interface, interact with each other, and thereby
spread the vorticity until the potential core region disap-
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Fig. 1 Schematic diagram of the 220 x 120 computational grid.
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pears, at approximately z = 5. Upstream of this location, the
structures are displaced vertically by a low-frequency
modulation of the shear layer. When this modulation is ap-
propriately phased with the locations of the structures, three
structures merge into a larger structure in half of the
modulation cycle. Since the jet is unforced, the low-
frequency modulation must be caused by the pressure field
induced by the larger, downstream structures.

In previous papers dealing with planar, unforced shear
flows,9'10 we noted feedback between the downstream events
and the inflowing streams. Because of the way in which we
initialized the simulations, i.e., with a transient perturbation
just behind the edge of the splitter plate or the nozzle, we
could trace the evolution of the flow and observe the effect
of the downstream events on the upstream shear layer. We
were able to identify a feedback process responsible for the
reinitiation of the instabilities, and that leads to new vortex
roll-ups near the trailing edge of the splitter plate. The feed-
back process operates through the velocity field induced by
the nearby flowfield. In addition, the fluid accelerations in-
volved in the downstream vortex mergings induced vertical
displacements of the upstream vortices. This, in turn, trig-
gered further mergings and indicated that there was also a
longer-range feedback effect strongly affecting the growth of
the mixing layer. Both the short-range and long-range effects
we identified are present in the simulations that we are
discussing.

OUTFLOW
7.23

R(cm)

0.90

0.00

WALL
OUTFLOW

0.00 1.67 Z (cm)
24.60

Fig. 2 Flow configuration for the axisymmetric jet simulation. The
trailing edge of the nozzle is located at x.

As the effect of the downstream events on the inflowing
fluid becomes important, there is an interaction between the
basic instability mechanism at the shear layer and the feed-
back mechanism. The flow pattern subsequently becomes
different from that at the initial stages in the flow develop-
ment, which was dominated by the shear layer instability. A
strong spatial and temporal correlation between the mergings
is set up. The effects of this correlation can be seen in the
last panel of Fig. 3, which shows a pattern in the distribution
of the locations of vortex merging which subsequently
becomes essentially fixed.

Frames at much later times in the development of the flow
can be seen in Fig. 4. A noticeable feature of this sequence
of frames is a regularly repeating spatial pattern, in which
vortex shedding and vortex pairing occur at essentially fixed
locations. Based on the results of the calculations for these
later times, we have performed a spectral analysis of the ax-
ial velocity fluctuations. In the sequence of panels in Fig. 5,
we show the spectra at various axial locations along the
centerline of the shear layer (R = RQ). These spectra are given
in terms of the normalized Strouhal frequency Sf = 27r/l?0/i;0,
where 00 and v0 are the initial momentum thickness of the
shear layer and the jet velocity, respectively. The shear layer
thickness was taken as 00 = A/? = 0.02 cm, where AR is the
size of a radial cell in the region of the shear layer. This is a
natural choice for 00 because the step of the initial velocity
profile is defined within AjR.

Figure 5a, corresponding to a location very close to the
nozzle exit, shows peaks at the frequencies S^0«0.100,
S^~ 0.050, S/2~0.025, St+ «0.125, and St_ «0.075. Here,
StQ is associated with the shear-layer instability frequency.
This value is in good quantitative agreement with the predic-
tions of linear inviscid instability theory15 based on VQ, R0,
and 00. In addition, the modulation of the initial shear layer
with Sti-Sto/2 and St2~StQ/4 is associated with the first
and second subharmonic, and St± ~(St0±St2) result from
the nonlinear interaction between the shear-layer instability
and the feedback process. The low-frequency modulation is
dominated by the peak at St2, which, in terms of the
Strouhal number based on the jet diameter StD=fD/vQ, is
associated with S^~0.36. This is within 'the range
0.2<S^<0.5, in which the frequency of the largest scales
of an unforced subsonic jet, the preferred jet mode, is

1.8

R/D
0.5
0.0

0.810 ms
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Fig. 3 Initial stages in the flow development.

z = (Z - Z0)/D
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z = (Z - ZQ)/D

5.74

Fig. 4 Regularity and spatial coherence of the flow development for
the unforced jet.
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known to lie.16'17 As we move downstream, the high-
frequency amplitudes tend to diminish, as can be expected.
In Figs. 5b and 5c, the amplitude for the natural shear-layer
mode St0 progressively diminishes as the amplitudes for fre-
quencies in the neighborhood of its first subharmonic St{
become more important. Thus, Figs. 5b and 5c correspond
to locations at the beginning and concluding stages of a first
merging associated with St{. Similarly, Figs. 5d and 5e cor-
respond to locations where second (associated with St2) and
third (associated with St3 «S/0/8) mergings are taking place.

Flow visualization, as shown in Fig. 6, allows us to deter-
mine the locations of vortex pairing. These locations are
defined to be those places where the centers of the two vor-
tices are vertically aligned and where the amplitudes of the
corresponding subharmonics are expected to saturate.18

Through the sequence of panels in Fig. 6, we see that the
locations of the first, second, and third mergings are at

[x10~5]

11.0

Fig. 5 Spectra of the axial velocity fluctuations at R/D = 0.5 and
various axial locations: a) z = 0.40; b) z = 0.71; c) z = 1.04; d) z = 1.98;
e) z = 4.32. The vertical scale is linear and has arbitrary units.

about z\ ~ 1.0, z2 ~ 1.9, and z3 —4.4, respectively. There is a
close agreement between the merging locations obtained
from the flow visualization and the results of the spectral
analysis. The end of the potential core lies between the loca-
tions of the second and third mergings. Thus, the low-
frequency peak in the power spectra close to the nozzle of
the jet, corresponding to the dominant modulation of the
oscillations, is associated with the vortex passage frequency
at the end of the potential core. This is as observed in the ex-
periments by Laufer and Monkewitz.19

In Fig. 7 we have shown the distribution of merging loca-
tions and compared them with those in the experiments by
Kibens with weakly excited circular jets.16 The distributions
are in qualitative agreement and show the same linear trend.

3.60 ms

3.65 ms
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3.74 ms
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0.01 1.44 2.87 4.31 5.74

z = (Z - Z0)/D

Fig. 6 Flow visualization showing detailed vortex mergings.

10.0

10.0

Fig. 7 Merging locations, o : Kibens, Ref. 12; ——: intervals where
the locations are distributed in the present simulations; ——: feedback
formula, Eq. (6), for 7V=2.
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11.0

[x10~5]

0.0
0.0 St 0.3

Fig. 8 Spectra of the axial velocity fluctuations at R/D = 0.5 and
z = 0.40, with and without random inflow perturbations: a) unper-
turbed; b) fluctuation level 0.1%; c) 1%; and d) 5%. The vertical scale
is linear and has arbitrary units.

As a consequence, a feedback formula, such as Laufer and
Monkewitz used to fit the experimental merging locations,19

is expected to fit the distribution obtained in the present
simulations. This feedback formula19'20 depends on the
superposition of the processes of convection of the in-
stabilities downstream toward the merging location and the
propagation upstream of acoustic waves caused by the merg-
ing. The locations of vortex merging are defined by a
resonance condition

(6)

where /, =fQ/2l and zt are the frequency and location of the
/th pairing, vc = vQ/2 is the convection velocity, a is the
velocity of sound, and TV is a positive integer. The formula
requires that the sum of the time for convection from the lip
of the nozzle to the merging location and the time for
acoustic propagation upstream, back to the nozzle, be an in-
teger multiple of the merging period. The convection and
sound velocity are assumed to be effectively constant in the
derivation of the formula. The generalization is, however,
straightforward. Both the data of Kibens and those obtained
in our simulations can be reasonably fit with Eq. (6) for
7V=2, as shown in Fig. 7. The downward shift of simulation
data relative to the experimental data can be understood
from Eq. (6) as an effect of compressibility due to the con-
siderably larger Mach number M=v0/a in the flow condi-
tions of the simulations. These agreements give a consistency
check of both Eq. (6) and the results of the simulations and
show the presence of feedback phenomena.

Effect of Random Inflow Perturbations
We have also simulated the effects of high-frequency ran-

dom perturbations in the inflowing jetstream. Such fluctua-
tions in the experimental conditions in the laboratory are due
to turbulence and boundary layers in the nozzle. In the
calculations, the fluctuations are modeled by replacing the
streamwise velocity U at the inflow (i.e., for Z = 0 cm,
R<R0) with U(\+p), where p=p(R,-t) is the perturbing
term. This term is defined by a sine Fourier series in the
variable R, with R0 the largest wavelength:

p(R,t)=- M - + </>ra (7)

z*1.04 2*1.98

11.0

1x10~5]

0.0
0.0

St
0.3 0.0

Fig. 9 Spectra of the axial velocity fluctuations at
R/D = 0.5 and at locations of the first and second mergings
for the unperturbed case, at z = 0.71 and z = 1.98, respec-
tively, as a function of the inflow fluctuation level: a)
unperturbed; b) fluctuation level 0.1%; c) 1%. The vertical
scale is linear and has arbitary units.

st
0.3
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where bm(t) is a time-dependent amplitude defined by

dm (t) = 2(t-t0m)/dtm

= 2(t0m-t)/dt

= 0

+ dtm/2

otherwise

In this way, each perturbation term in Eq. (7) varies between
zero and a maximum value of no more than a fraction pQ

m/M
of the inflow jet velocity. The duration 5tm, the maximum
value pQ

m of the amplitude, and the phases 0m(0<</>w <2?r) of
the terms in the Fourier series are randomly generated
numbers.

A calculation was performed which restarted the program
at time £ = 2.52 ms of the unperturbed calculation, but with
inflow fluctuations now included. The series in Eq. (7) was
truncated at M=4. Thus, only fluctuations of wavelength
R0, RQ/2, R0/3, and RQ/4 were included, with durations dm
in the range of 5-12.5 /xs (20-50 time steps).

Because of the changes in the frequency content of the
velocity field, the previously noted regularity in the flow pat-
tern was lost in spite of the relatively small amplitude of the
fluctuations. This can be seen by comparing the spectral
distributions obtained in this perturbed case with those for
the unperturbed case discussed previously. Figures 8a-8d
show the spectral distributions near the lip of the nozzle and
at the center of the shear layer for mean perturbation levels
of 0,0.1, 1, and 5%. The figure shows that increasing the
perturbation level causes the peaks to broaden, and new
high-frequency peaks are now present. Figure 9 is a similar
comparison of spectral distributions at the locations of the
first two mergings for the unperturbed case. The changes in
the spectra are significant even in the weakest (0.1 97o level)
perturbed case. This indicates that more incoherent mergings
now occur, and the merging locations are progressively less
well defined as the perturbation level increases.

Summary and Conclusions
We have presented results from finite-difference numerical

simulations of the evolution of the Kelvin-Helmholtz in-
stability for a subsonic, compressible, axisymmetric, spatially
evolving shear layer. We have found that, in spite of the
two-dimensional restriction of the simulations, there is
general agreement between the calculated and experimentally
observed distribution of vortex merging locations. In addi-
tion, there is agreement between the calculations and the ex-
periments on the effect of the fluid accelerations at the end
of the potential core on the upstream shear layer. This effect
appears as a dominant low-frequency peak characterizing the
modulation of the oscillations in the shear layer just ahead
of the nozzle. Such a peak is observed in the experiments by
Laufer and Monkewitz,19 and in our calculations it cor-
responds to the frequency St2 of the second merging, which
occurs very close and upstream of the end of the potential
core.

The calculations show that the large-scale development of
the unforced jet shear layer has an underlying degree of
organization. This organization is the result of a feedback
process in which the shear layer ahead of the nozzle edge is
modulated by the flowfield induced by the mergings down-
stream, near the end of the potential core of the jet. The fact
that the distribution of merging locations was essentially fix-
ed and in agreement with the predictions of the feedback
formula is evidence for this feedback. We also observed the
presence of this feedback mechanism in our simulations of
planar shear flows.9'10 Note, however, that this is an idealiz-
ed case of an axisymmetric flow with no boundary layers or
small-scale inflow turbulence.

The dominant frequencies in the unforced flow depend on
the initial shear layer thickness and the jet diameter, the two

length-scales of the jet. These scales are associated with the
two basic instabilities in the jet, the jet shear layer instability
and the jet column instability. These instabilities determine
the high- and low-frequency natural modes of the jet, respec-
tively. The spectral analysis of the axial velocity fluctuations
at the centerline of the shear layer, just ahead of the nozzle
edge, shows a sequence of peaks separated by an interval ap-
proximately equal to St0/4. These peaks correspond to the
subharmonics of the jet shear layer instability frequency St0
and to the nonlinear interactions between the modes associ-
ated with them. The Strouhal number for the preferred jet
mode, StD= (/0/4)JD/f0«0.36, is in good agreement with
the experimental values for subsonic jets. Moreover, the
value for St0 was consistent with the predictions of linear in-
viscid instability theory.

The studies with random high-frequency perturbations on
the inflow velocity show that such perturbations tend to
break the organized jet shear layer and hence the temporal
coherence between the structures. By generating more in-
coherent mergings, the fluctuations tend to destroy the regu-
larity of the idealized, unforced two-dimensional case.
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